Composition of Functions

1 Introduction

A composite function is a function carried out on a function.

Consider two functions, one that squares a number and another that adds 1 to a number. Call the
functions f and g.

fz) = 2?
and
g(x) =z +1

What if what you really want to do is square a number and then add 1 to the result? Functions f and g
can be combined into one function that first squares a number and then it adds 1.

h(z) = (z +1)?

Function h is called a composite of functions f and g. The first function carried out, in this case function
g, is called the inner function; the second one is called the outer function.

2 Notation

There are two common notations for composition. For the example above, the composite function can be
shown as either h(z) = f(g(x)) or h(xz) = (f o g)(x). This document will go back and forth between these
notations, so that the reader can become familiar with both.

3 What This Looks Like

A composite function can be represented by a table, by graphs, or by an equation.

3.1 Tables

Consider the functions represented by the following tables.
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Let’s find, for example, f(g(1)).

e Find the value of the inner function for the x value you just found. In this case, that means find the
value that g takes when x = 1. That’s 2.

e Find the value of the outer function for the x value you need. In this case, that means find the value
that f takes when x = 2. That value is 4.

So f(g(1)) = 4.

3.2 Graphs

You can take the same steps working from graphs: To take the example of (f o ¢g)(2) again (still for the
functions f(z) = 2% and g(z) = x + 1), use a graph of g(z) to find the value of g(2) and then use a graph of
f(z) to find the value of f for g(2). The graphs look like this:

s
M

/
o w
\
o w

1 1

2 1 1 ) x o A1 7 1 g T
-1 -1
flx) = a? glz) =z +1

As you can see from the graph of g(z), g(1) = 2. Next, look at the graph of f(x) and see that f(2) = 4.
So (fog)(1) =4.

3.3 Equations
3.3.1 For a specific number

Sticking with our example, let’s say f(z) = 2?2, g(x) = z + 1, and you want to use equations to find f(g(1)).
To do that, find ¢g(1) and find f of that result.

gl)=1+1=2.

It amounts to a double plug-in.



If you want to apply the same two functions in the same sequence over and over, it can get pretty tedious.
That’s when you may want to combine the two functions into one composite function.

3.3.2 One equation to represent two functions composed

Let’s try the same example but this time with variables. h(z) = (f o g)(x) is a function that adds 1 to a

variable and then squares the result: h(z) = (z + 1)2. Let’s see if we get the same result as we did above for
h(1) : h(1) = (1 + 1)% = 4. Check.

Try another one:

Find j(k(z)), where

jlx) = i—:é and
k(x) = i—fg

To do this, you need to insert k(x) into places in j(z) where you see x. Now, when the functions are complex
and there are x’s all over the place, that is a much harder thing to do than it was when the functions were
simple. What makes it especially confusing, I think, is that what is meant by z in j(z) is different from what
is meant by z in k(z); in fact, what is meant by z in j(z) is k(z). But £ means something different in k(z).

One way to avoid this potential confusion is to break the process into steps, as follows:
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j(k(z)) = 2’;%2;:21 Write j(k(x)) with ‘k(z)” plugged in for k(x).

In other words, in j(k(z)), k(x) takes the role that z takes in j(z).
Now substitute k(z)’s definition.

Jjlk(x)) = “3e411 Simplify.

4 Domain

One piece of information may be lost when functions are composed: domain constraints. In the first example,
with a linear function composed with a parabola, the domain of both original functions is all real numbers
— as is the domain of the composite function. In the second example, in which two rational functions are
composed, what happens?

For outer function, j(z) = %7 x # —2, because a value of z = —2 would make the denominator equal
0; similarly, for the inner function, k(z) = 23, 2z +# 2. How do those constraints translate into domain
constraints for the composite function (j o k)(z) = =22-11? Note that the denominator of the original inner

function, x — 2, doesn’t show up in the final composite function. Does that mean that 2 is included in the
composite function’s domain? Remember that the first step in finding (j o k)(z) is to find k(z). You can’t
do that for an x value for which the denominator equals zero. So a constraint on the inner function of a
composite function is a constraint on the composite function. Such a constraint is not obvious when you look

at the composite function alone; you know it only if you know the original inner function or if it is stated
explicitly.

What about the outer function? Again in the second example, (the j, k example), the constraint is that



the denominator, x + 2, cannot equal 0. But what is 7 In this context, x is function & of the inner function.
So the constraint is that k(z) +2 # 0.

k(z) 4+ 2 # 0 | Domain constraint

k(z) = 22 | Definition of k()

43 4 2 7£ 0 | Substitute the definition of k(x) into the domain constraint.
#1/3 Solve.

Substitute this value into the composite function, j(k(x)) = %, and see what happens.

J(k(1/3)) = =T

The denominator, 3-1/3 — 1, is equal to 0, so indeed the function is undefined at that point and 1/3 is
excluded from the domain. A domain constraint created by the outer function shows up in the composite
function. You don’t have to go back to the original outer function to find it; if there is one, you can see it
in the composite function.

5 Examples

5.1 Example: composing two functions in various ways

For the functions f(z) = a* — 4 and g(x) = V& ¥ 1, find f(g()), 9(f(2)), (f o f)(), and (g g)(x), and

state the domain of each composite function.

Solution: Start with f(g(z))

flg(z)) = (g9(x))* -4 Carry out function f on g(x)
f(g(z)) = (vVx +1)2 — 4 | Substitute in the definition of g(z).
flg(x)=2-3 Simplify.

Domain constraints: Look for domain constraints in both the original inner function and the composite
function. In the inner function, g(x), because there is an assumption that solutions are real, the argument of
the square root function must be greater than or equal to 0, so > —1. In the composite, since the domain
of the function y = x — 3 is all real numbers, there is no additional domain constraint.

So the domain of the composite function is [—1, 00).

Next look at g(f(z)).

g(f(x))=+/f(z)+1 Carry out function g on f(x).
g(f(x)) = /(2?2 —4) + 1 | Substitute in the definition of f(x).
g(f(x)) =+va? -3 Simplify.

The inner function, f(z) = 22 — 4, has no domain constraint and does not create a hidden domain
constraint in the composite function. The composite function, g(f(x)) = Va2 — 3, has the constraint that
the expression under the radical sign must be greater than or equal to 0.

22 —-3>0



x2>3

< —V3orz>+3
So the domain of the composite function g(f(x)) = Vo2 — 3 is (—o0, —v/3) U(V/3, ).
Now (f o f)(z). (Remember that (f o f)(x) is just another notation for f(f(x)).) Yes, you can compose

a function with itself. Why not.

of)(z) = (f(x))? -4 Carry out function f on f(x).
o f)(z) = (22 —4)? — 4 | Substitute in the definition of f(x).
fof)(x)=a*—8z%+12 | Simplify.
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The inner function, f(z) = x? — 4, has no domain constraint. Nor does the composite function, y =
2% — 822 + 12, have a domain constraint. So the domain is all real numbers.

Finally, find (g o g)(z).

(gog)(z) =+/g(x)+1 Carry out function g on g(x).

(gog)(x) =+v+Vx+1+1 | Substitute in the definition of g(x).

In the inner function, g(z) = v/ + 1, x + 1 must be greater than or equal to 0, so there is the domain

constraint that x > —1. In the composite function, y = vz + 14+ 1, v/ + 1+ 1 must be greater than or
equal to 0 for the function to be real. Since a square root is by definition nonnegative, v/ + 1 is greater

than or equal to 0 for all values of x for which it is defined (i.e., x > —1, so vV + 1 + 1 is always at least 1
and therefore in no danger of being negative).

So the domain of (g o g)(z) is [—1,00).

5.2 Example: a word problem

There is a highway with three lanes running in each direction. Traffic in the far left lane goes twice as fast
as traffic in the middle lane, and traffic in the middle lane goes 10 mph faster than traffic in the far right
lane. What is the relationship between traffic in the far right lane and traffic in the far left lane?

Strategy: Start by naming things. Then set up two functions to describe the two relationships in
the problem — the relationship between the speed in the far-left land and that in the middle lane, and the
relationship between the speed in the far-right lane and that in the middle lane. Combine those two functions
into one composite function that relates the speed of traffic in the far-right lane to that in the far-right lane.

Set up variable names:
L  speed of traffic in the far-left lane
M  speed of traffic in the middle lane
R speed of traffic in the far-right lane
Set up equations based on the information given:

Traffic in the far left lane goes twice as fast as traffic in the middle lane.



L(M) =2M

Traffic in the middle lane goes 10 mph faster than traffic in the far right lane.

M(R) = R+10
L(M(R)) = 2M = 2(R + 10)
L =2R+20

The speed of traffic in the far left lane is twice that of traffic in the far right lane, plus 20 miles per hour.

Applications: An understanding of composition of functions will help you learn about inverse functions.



